I. INTRODUCTION
In Ref. 1 we gave an extension of the recently proposed Svinolupov Jordan KdV 2, 3 systems to a class of integrable multicomponent KdV systems and gave their recursion operators. This class is known as the degenerate subclass of the KdV system. In this work we will extend it to a more general KdV type of system equations containing both the degenerate and nondegenerate cases. This is a major step towards the complete classification of KdV systems. In addition we give a new extension of such a system of equations.
Let us consider a system of N nonlinear equations of the form q t i ϭb j i q xxx j ϩs jk i q j q x k , ͑1͒
where i, j,kϭ1,2,...,N, q i are functions depending on the variables x, and t, and b j i , and S jk i are constants. The purpose of this work is to find the conditions on these constants so that the equations in ͑1͒ are integrable. In general the existence of infinitely many conserved quantities is admitted as the definition of integrability. This implies the existence of infinitely many generalized symmetries. In this work we assume the following definition for integrability:
Definition: A system of equations is said to be integrable if it admits a recursion operator. The recursion operator ͑if it exists͒ of the system of equations given in ͑1͒, in general, may take a very complicated form. Let the highest powers of the operators D and D Ϫ1 be respectively defined by mϭdegree of R and nϭorder nonlocality of R. In this work we are interested in a subclass of equations admitting a recursion operator with mϭ2 and nϭ1. Namely, it is of the form
where D is the total x derivative, D Ϫ1 is the inverse operator, and a jk i and c jk i are constants with
Before starting to the classification of ͑1͒ we recall a few fundamental properties of the recursion operator. An operator R j i is a recursion operator if it satisfies the following equation
where F k Ј i is the Fréchet derivative of the system ͑1͒, which is given by
where
aϭk n a n , nϭk i n i and s jk i 's are subject to satisfy the following:
where is a constant. At this point we will discuss the classification procedure with respect to the symbol s jk i whether it is symmetric or nonsymmetric with respect to its lower indices.
A. The symmetric case, s jk i ‫؍‬s kj i
Among the constraints listed in Proposition 2 the one given in ͑22͒ implies that s jk i 's are symmetric if and only if a i Ϫn i ϭ␣k i where ␣ϭaϪn. There are two distinct cases depending on whether nϭ0 or n 0. We shall give these two subcases as corollaries of the previous proposition.
Corollary 1: Let s jk i ϭs k j i and nϭ0. Then we have the following solution for all N:
where aϭ0, ϭ1, and
The vector k i and s jk i are not arbitrary; they satisfy the following constraints:
As an illustration we give an example for this case. 1 A particular solution of the equations ͑26͒ for Nϭ2 is
where i, jϭ1,2 and
and
Constants a jk i and c jk i appearing in the recursion operator are given by
Taking ␣ 1 ϭ2 and ␣ 2 ϭ1 ͑without loss of generality͒ we obtain the following coupled system
The above system was first introduced by Ito 4 and the multi-Hamiltonian structure studied by Antonowicz and Fordy 5 and by Olver and Rosenau. 6 The recursion operator of this system is given by
͑32͒
In Ref. 
We obtain the following coupled system:
which is equivalent to the symmetrically coupled KdV system
u t ϭu xxx ϩv xxx ϩ6vv x ϩ4vu x ϩ2v x u, and the recursion operator for this integrable system of equations ͑42͒ is
͑44͒

III. CLASSIFICATION FOR THE CASE det
As in the degenerate case det (b j i )ϭ0, we have two subcases, symmetric and nonsymmetric. Before these we have the following proposition.
Proposition 3: Let det (b j i ) 0. Then the solution of equations given Proposition 1 is given as follows: Equations ͑47͒-͑52͒ define an over-determined system for the components of s jk i . Any solution of this system leads to the determination of the parameters a jl i and c jl i by ͑45͒. As an example we give the following, for Nϭ2, coupled system
where a and b are arbitrary constants. This system, under a change of variables, is equivalent to the KdV equation with the time evolution part of its Lax equation. 8 The recursion operator of the system ͑53͒ is
Hence the KdV equation coupled to time evolution part of its Lax-pair is integrable and its recursion operator is given above. This is the only new example for Nϭ2 system. 
Another example was given very recently 10 in a very different context for Nϭ2:
The principle part of these equations is transformable to the Fuchssteiner system given in ͑42͒. Taking ␣ 1 ϭ2, ␣ 3 ϭ4, and scaling x and t properly we obtain ͑without losing any generality͒ r t ϭ2r xxx ϩ6rr x , s t ϭ2s x rϩ4sr x . ͑87͒
The transformation between the principle part (aϭ0) of ͑86͒ and ͑87͒ is simply given by uϭm 1 sϩ 1 2 r, vϭ2r. Then the recursion operator of the system ͑86͒ is given by
ͪ .
͑88͒
V. CONCLUSION
We have given a classification of a system of KdV equations with respect to the existence of a recursion operator. This is indeed a partial classification. Although we have found all conditions for each subclass, we have not presented them explicitly. We obtained three distinct subclasses for all values of N and gave the corresponding recursion operators. We also gave an extension of such systems by adding a linear term containing the first derivative of dynamical variables. We called such systems the Fokas-Liu extensions. We proved that these extended systems of KdV equations are also integrable if and only if their principle parts are integrable. For Nϭ2, we have given all subclassess explicitly. Among these the recursion operator of the KdV coupled to the time evolution part of its Lax pair seems to be new. Here we would like to add that when Nϭ2 recursion operators, including the Fokas-Liu extensions, are hereditary.
11
Our classification crucially depends on the form of the recursion operator. The recursion operators used in this work were assumed to have degree two ͑highest degree of the operator D in R) and nonlocality order one ͑highest degree of the operator D Ϫ1 in R). The next work in this program should be the study on the classification problems with respect to the recursion operators with higher degree and higher nonlocalities. For instance, when Nϭ2, Hirota-Satsuma, Boussinesq, and Bogoyavlenskii coupled KdV equations admit recursion operators with mϭ4 and nϭ1. 12 Hence these equations do not belong to our classification given in this work.
